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Scaling Laws for the Slip Velocity in Dense Granular Flows
Riccardo Artoni,∗ Andrea C. Santomaso, Massimiliano Go’, and Paolo Canu
Dipartimento di Ingegneria Industriale, Universita` di Padova. Via Marzolo 9, 35131 Padova, Italy.
In this Letter, the 2-dimensional dense flow of polygonal particles on an incline with a flat frictional
inferior boundary is analyzed by means of contact dynamics discrete element simulations, in order to
develop boundary conditions for continuum models of dense granular flows. We show the evidence
that the global slip phenomenon deviates significantly from simple sliding: a finite slip velocity
is generally found for shear forces lower than the sliding threshold for particle-wall contacts. We
determined simple scaling laws for the dependence of the slip velocity on shear rate, normal and
shear stresses, and material parameters. The importance of a correct determination of the slip at
the base of the incline, which is crucial for the calculation of flow rates, is discussed in relation to
natural flows.
PACS numbers: 47.57.Gc, 45.70.-n, 83.80.Fg
Despite the large number of studies devoted to un-
derstanding the rheology of dense granular flows, the
boundary behavior - i.e. the interaction of an ensemble
of flowing particles with a wall - is still poorly under-
stood. The issue is relevant for nearly all the situations
in which granular materials are processed (silo or chute
flows, sampling, die filling and compression) or are ob-
served in nature (avalanches, landslides). A complete
understanding of the boundary behavior requires us to
study the relationships among the amount of wall slip,
stresses and deformation rates in the material, possibly
arriving at a quantitative average characterization to be
used for characterization and for continuum modeling.
This was extensively done with respect to rapid, dilute
granular flows[1–3], but the results from those analyses
cannot be applied to dense, slow flows of granular mate-
rials since the phenomenology is largely different. Long-
lasting contacts, dynamics of force chain networks, and
dissipation mainly due to friction are the most significant
distinctions between dense and collisional flow regimes.
From the practical point of view, in the dense flow of
granular materials in silos and hoppers, wall friction is
usually described by means of the effective wall friction
coefficient µw =
σT
σN
, which is a bulk, not a particle prop-
erty, where σT is the shear stress and σN is the normal
stress in the direction perpendicular to the wall. Such a
coefficient, often presented as the angle of wall friction
(defined as tan−1 µw), is not necessarily a constant prop-
erty of the couple of particle and wall materials[4, 5]. In
presence of shear, in a recent work we argued [5] that
shear-induced fluctuations of the force network could de-
termine a dependence of the effective wall friction coeffi-
cient on flow properties, such as slip velocity, shear rate
and stresses. The main point of the theory is that the
stronger the phenomenon of force chains breaking and
forming in the material, the larger will be the deviation
from the condition of steady sliding for the particles at
a boundary, implying generally that µw < µpw, where
µpw is the particle-wall friction coefficient, and suggest-
ing the emergence of a dependence of the effective wall
friction coefficient on the flow properties. In this Letter
we prove the evidence of these flow dependent boundary
conditions, and extend the scaling proposed in [5].
In the following, the dense flow of granular materials
composed of irregular particles down a flat frictional in-
clined plane (as sketched in Fig. 1) is studied by means of
discrete numerical simulations. The inclined chute con-
figuration was chosen in this work due to the interesting
feature that, if a continuum framework is valid, the effec-
tive wall friction coefficient can be in principle a known
quantity. Indeed, under the hypothesis of steady state
and neglecting inertial terms, the two dimensional mo-
mentum balance equations are ∂xσxx + ∂yσxy = ρg sin θ
and ∂xσyx + ∂yσyy = −ρg cos θ. With the assumption
of fully developed flow (∂x = 0), and assuming that at
the free surface y = H , σij = 0, and that the density is
constant along y, the xy− and yy− stress components
in the geometry are given by σxy = ρg sin θ(y −H) and
σyy = −ρg cos θ(y −H). In relation to the hypothesis of
fully developed flow, the xx− and yx− components are
not known a priori. Given that σyy is the normal stress in
the direction perpendicular to the wall, the effective wall
friction coefficient is given by µw = |σxy/σyy|y=0 = tan θ.
Note that the effective bulk friction coefficient, which is
defined as [6] µ∗ = τ/p = (σxy + σyx)/(σxx + σyy), will
be equal to µw only if σxy = σyx (which is a quite usual
result of micromechanical investigations) and σyy = σxx
(which is not in fact obvious). In this case, if a simple
sliding boundary condition was valid, with the macro-
scopic boundary condition coinciding with the micro-
scopic one, this would imply for tan θ < µpw a no-slip
behavior, for tan θ = µpw a steady sliding behavior, and
for tan θ > µpw an unsteady accelerating motion at the
wall. According to these results, the inclined chute is a
benchmark configuration where effective wall slip behav-
ior can be tested, since the inclination angle determines
the value of the effective wall friction coefficient.
Discrete element simulations were carried out using
the Contact Dynamics method (CD) developed by J.
J. Moreau and Michel Jean [7] and implemented in
2FIG. 1. (top) Sketch of the inclined chute geometry. (bot-
tom) hstop curve obtained with parameters ρp = 1000 kg/m
3,
µpw = 0.8, and sketch of an ensemble of particles to clarify
the shape chosen (elongated ones).
the open source platform LMGC90 [8]. The contact
dynamics approach is used by a large community of
researchers; its capability to reproduce the dynamics of
granular materials was studied in a variety of situations
spanning from flow in a rotating drum [9], quasistatic
shearing [10], granular column collapse [11], force trans-
mission in packings [12], and flow down inclined chutes
[13, 14]. A detailed description of the contact dynamics
approach can be found in the literature cited. To sum-
marize the main aspects, the method considers perfectly
rigid, nonoverlapping, circular (spherical) or polygonal
(polyhedric) particles, which are free to translate and
rotate. During particle contact, friction is accounted
for by means of Coulomb’s model: if the tangential
force T is lower than the Coulomb threshold µpN ,
where µp is the microscopic, interparticle coefficient of
friction, and N is the normal force at the contact, the
particle will not slip; otherwise, if T ≥ µpN , the two
particles will slip with respect to each other. Collisions
between particles are also accounted for by means of
Newton’s coefficient of restitution, which is defined as
ep = u
+/u−, where u is the particle velocity before
(−) and after (+) contact (generally a normal and a
tangential coefficient of restitution are defined, with u
being respectively the normal and tangential velocity).
The same models for friction and collisions apply also to
particle-wall contacts, which in principle have different
values of the coefficients, say, µpw and epw. Within the
approach, other interactions such as cohesive forces can
also be introduced.
In this work a two-dimensional inclined chute was
simulated, filled with up to 5000 particles. As the focus
was on the behavior of irregular particles, polygonal
particles were chosen. For spherical particles on a
flat frictional inclined plane it is known that shear is
localized in the first layer of particles due to rolling
of the grains[16]. The behavior of irregularly shaped
particles, where rotations are more difficult, and which
can represent a wide variety of actual materials, is
expected to be different and deserves attention. As
Aze´ma et al. [12] discuss, using polygons instead of
disks strongly influences the force transmission patterns
through shape anisotropy and facetedness. In this study
we considered regular pentagons deformed by means of
an elliptic factor (see Fig. 1 for examples of particle
shapes). This particular shape was chosen as a model
of irregular particle with strong angularity. In order to
investigate the effect of particle shape, some simulations
were also carried out with regular pentagons. In order
to prevent the formation of crystalline zones, the initial
sample was slightly polydisperse, uniformly distributed
in a range dp ± 10%dp, where dp is the average particle
diameter (defined as
√
4Ap/pi, where Ap is the area
of the irregular particle) corresponding in this work to
dp = 1 mm. The description of the boundary behavior
for more idealized systems such as nearly monodisperse
disks or spheres flowing over ordered substrates can be
more difficult since the phenomenology of these flows is
rather rich, due to ordering or deordering patterns that
are probably closely related to the peculiar geometrical
nature of those particles [15]. Also, systems with
high polydispersity can be difficult to treat because
of the emergence of segregation phenomena. For the
sake of finding a master curve describing boundary be-
havior, many parameters were varied such as wall friction
(µpw =0.63, 0.65,0.67, 0.7, 0.8, 0.9, 1.0,1.03,1.05, 1.07, 1.08),
flow depth (H/dp ∼ 30, 40, 80, 100), and inclination angle
(θ = 26, 27, 28, 29, 30 o). In order to check the expected
gravity and mass scalings, some simulations were also run
with different values of gravity (g = 19.62, 98.1 m/s2)
and particle density (ρp = 5000, 10000 kg/m
3
, with
ρp = 1000 kg/m
3
being the base case). Interparticle and
particle-wall interactions were chosen as completely in-
elastic (ep = epw = 0), with Coulomb friction (µp = 0.3)
for long-lasting contacts. More than 40 simulations
were performed. After an initial transient, when it
was verified that the system was at steady state by
analyzing instantaneous flow profiles and wall stresses,
average values of velocity, stresses, and solid fraction
were computed at several positions at the wall, as space-
weighted time averages [17]. In order to avoid possible
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FIG. 2. Profiles of average stress ratios: (top left) σxy/σyy,
(top right) µ∗ = τ/p, (bottom left) σxy/σyx, (bottom right)
σyy/σxx , for µpw = 0.8, H/dp ∼ 30, ρp = 1000 kg/m
3, for
different values of the chute inclination θ.
force imbalances coming from wrong treatment of the
walls in the averaging procedure [18], the strategy used
in this work is to consider the force between a particle
and a boundary as if it was shared by two particles,
one of which is the real particle, the other is the same
particle mirrored with respect to the boundary [19].
Regarding the flow regime realized in the simulations,
the inertial number I = γ˙dp/
√
p/ρp was verified in the
range 5 × 10−3 − 1.5 × 10−1 at the wall, corresponding
to a dense flow.
At first, in order to characterize the bulk behavior of
the model material, the curve hstop(θ), describing the
depth of the flow below which the material jams, which
depends on the inclination angle [20], was computed
(it is reported in Fig. 1). When compared to previous
results for disks (e.g. [13]), the curve confirms that
irregular particles have a higher resistance to flow;
i.e., they tend to start jamming at higher values of the
inclination angle. Analyzing the results concerning stress
profiles along y, an example of which is given in Fig. 2,
it is possible to conclude that the effective wall friction
coefficient is approximately given by the tangent of
the inclination angle, |σxy/σyy| ≈ const. ≈ tan θ, while
the effective bulk friction coefficient µ∗ is not always
equal to tan θ. This is mainly due to the rather strong
deviation from 1 of the normal stress ratio σyy/σxx. On
the other hand, the shear stress ratio σxy/σyx deviates
only slightly from 1, allowing us to consider σxy = σyx
an acceptable assumption. Regarding variations of
stresses while varying µpw (not shown), stress profiles
are not significantly affected by the friction coefficient of
the wall, and satisfy the continuum momentum balance
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FIG. 3. Profiles of average (top left) velocity, (bottom left)
solid fraction, (bottom right) particle rotation velocity, for
θ = 29 o, H/dp ∼ 30, ρp = 1000 kg/m
3, for different values of
the particle-wall friction coefficient µpw . (top right) Depen-
dence of the average velocity on wall friction and comparison
with hypothetical average velocity obtained assuming no-slip
at the wall.
equations. This supports the validity of the continuum
approach. Figure 3 shows flow profiles for different
values of the particle-wall friction coefficient. It appears
that bulk profiles of shear and solid fraction are nearly
unaffected by changes in the particle-wall friction coef-
ficient. Shear rate has the typical (H − y)3/2 behavior.
Solid fraction is lower near the wall, then increases with
y in a 5 dp wide layer and decreases again up to the free
surface. The rotational velocity is higher near the wall
and decreases with y. Rolling influences the translational
velocity of the grains at the wall: slip at the wall is in
principle due to two contributions, sliding and rolling,
such that vslip = vslip, sliding + vslip, rolling, where the
rolling contribution to the translational motion depends
on the local average rotation ω through the expression
vslip, rolling = ωdp/2 (computing the velocity at the cen-
ter of gravity of the first particle). In the simulations it
was generally verified that vslip, rolling < 0.1 vslip, sliding ,
so that the rolling contribution to the translational
motion is small with respect to the purely sliding
contribution. Contrary to what happens to bulk profiles,
varying the particle wall friction coefficient does affect
the slip velocity: the velocity profiles have the same
shape, just shifted by a certain (and different for different
values of µpw) slip velocity at the base. This is a strong
result since for values of µw ∼ tan θ which are generally
lower than µpw, a certain slip is observed, which is not
compatible with a simple sliding boundary condition
as described previously in this Letter. A corollary of
this result is that the total flow rate will be generally
4higher than the value obtained by assuming a classical
sliding boundary condition, which for µw < µpw would
imply a zero sliding velocity. The difference between
numerically predicted flow rate and the flow rate ob-
tained assuming a simple sliding boundary condition is
also shown in Fig. 3: the real flow rate (i.e. obtained
from numerical experiments) can be 50 % higher than
expected from simple Coulomb sliding. It appears that
due to friction-induced shear, macroscopic behavior
deviates from microscopic, contact-scale behavior: in-
stead of µw = µpw, a nonconstant effective wall friction
coefficient µw is found, implying that the continuum
boundary condition is something intermediate between
no-slip and steady-sliding friction and therefore cannot
be described by simple models of sliding friction. These
claims were the theoretical assumptions of our previous
work [5], and are now supported by evidence from nu-
merical simulations accounting for detailed particle-wall
mechanics.
Due to the evident deviation from simple sliding behav-
ior, the dependence of the slip velocity on the system
variables is not a priori known. In [5], based on a
simple stochastic model, we suggested that an algebraic
relation between dimensionless numbers vslip/
√
p/ρp
and µw/µpw could constitute a first simple model quali-
tatively describing the main finding, i.e. the existence of
an intermediate behavior between no-slip and Coulomb
friction. However, we verified that the scaling law
proposed in [5] gives only an approximated description
of the simulation results, most likely because the defor-
mation of the flowing material was not considered in
that simple model. In order to adapt the framework
to a more complex situation it is better to improve the
scaling
√
p/ρp with γ˙dp, which was shown [14, 21] to be
a universal scaling for rigid grain systems, independently
of the value of the inertial number. Results confirm
the need for this substitution, supporting the fact that√
p/ρp cannot be considered a quasistatic velocity
scale. This means that we look for a description of
the amount of slip in the form of an algebraic relation
vslip
γ˙dp
= f
(
µw
µpw
)
. It is interesting to note that
vslip
γ˙dp
can
be interpreted as a dimensionless slip length in the sense
of Navier.
As Figure 4 shows, the results from the simulations shape
a monotonic master curve which can be well described by
the simple function
vslip
γ˙dp
= A
(
µw/µpw
1−µw/µpw
)B
, with best-fit
parameters A = 2.2, B = 0.42 for elongated pentagons
and A = 4.23, B = 0.33 for regular pentagons. This is
another important result: it seems that the nontrivial
wall slip behavior can be described in the dense regime
by algebraic relations between dimensionless numbers
vslip/γ˙dp and µw/µpw, of which a tentative form was
determined and proven to be succesful against contact
dynamics data. By looking at Fig. 4, the deviation
from simple sliding and the dependence of slip on flow
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FIG. 4. Dimensionless slip velocity
vslip
γ˙dp
vs rescaled effec-
tive wall friction coefficient µw
µpw
. Symbols represent numeri-
cal data (filled circles correspond to elongated particles, open
circles to regular ones), while lines are the corresponding fit-
ting curves obtained with the functional form discussed in the
text.
and wall properties can be appreciated. At first, the
curve is consistent in its limits with a simple sliding
law: for example, in a stress-controlled experiment such
as inclined chute flow, a very high particle-wall friction
coefficient (i.e. µw/µpw → 0) implies a no-slip behavior
with finite shear (vslip/γ˙dp → 0). On the other hand
µw/µpw → 1 implies a perfect sliding, with finite velocity
and zero shear. But the behavior is not restricted to
these two limits as in simple sliding: for 0 < µw/µpw < 1
a finite slip velocity and a finite shear are always found,
with an increasing slip (and/or a decreasing shear)
when increasing µw/µpw. The dependence on particle
shape is then an expected result since it is reasonable
that more rounded, less elongated particles will show
a higher flowability, and thus a larger amount of slip
at the wall. The fact that different types of particles
follow the same behavior when studied through our
framework is very encouraging for the development of
realistic boundary conditions. The proposed scaling
law was determined for inclined chute simulations. The
final scope of the research should be the determination
of a universal scaling, i.e., a law that does not depend
on the geometrical configuration, and should be valid
also for real scale three-dimensional flows. For this
reason a program of 3D simulations and dedicated
experiments in various geometries is under development
in our laboratory.. As a concluding remark, we want
to stress that the choice of boundary conditions when
modeling granular flows can be a very critical step: for
example, here it was shown (see Fig. 3) that flow rates
in inclined chute flows can be even 50 % higher than
expected from simple Coulomb sliding. The importance
of this issue is obvious when thinking about natural flows
down inclines such as, for example, rock avalanches, for
5which the determination of the runout distance is a very
important issue. The understanding and modeling of
appropriate continuum boundary conditions for dense
granular flows as attempted in this Letter are therefore
a major research scope not only for fundamental but
also for practical reasons.
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